
1 First order ODEs

Linear equations:

y′ − a(t)y = f(t)⇒ u(t) = e−
∫
a(t)dt

Exact equations:
∂F

∂x
dx+

∂F

∂y
dy = 0

2 Variation of parameters

v1 = −
∫

g(t)y2
y1y′2 − y′1y2

dt, v2 =

∫
g(t)y1

y1y′2 − y′1y2
dt

3 Driven harmonic motion

Given y′′ + 2cy′ + ω2
0y = A cosωt, the transfer function is given by H(ω) = G(ω)ei(ωt+φ(ω)).

G(ω) =
1√

(ω2
0 − ω2)2 + 4c2ω2

− tanφ(ω) =
2cω

ω2
0 − ω2
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4 Selected Laplace transforms

Function u(t) Laplace transform U(s) =
∫∞
0
e−stu(t)dt

αf(t) + βg(t) αL[f ] + βL[g]
ectf(t) F (s− c), F = L[f ]
tf(t) −F ′(s), F = L[f ]
tn n!

sn+1

sin(at) a
s2+a2

cos(at) s
s2+a2

eat 1
s−a

eat sin(bt) b
(s−a)2+b2

eat cos(bt) s−a
(s−a)2+b2

tneat n!
(s−a)n+1

y′(t) sL[y]− y(0)
y′′(t) s2L[y]− sy(0)− y′(0)
H(t− c) e−cs

s

H(t− c)f(t− c) e−csL[f ]
f(t) L[fT ]

1−e−Ts (if f has period T )
δ(t− c) e−cs

f ∗ g L[f ]L[g]

Here f ∗ g is defined as
∫ t

0
f(u)g(t− u)du.

Linear algebra and systems

Given A =

(
a b

c d

)
, TrA = a+ d, DetA = ad− bc.

λ1,2 =
1

2

(
Tr(A)±

√
Tr2(A)− 4Det(A)

)

J(x, y) =

(
∂f/∂x ∂f/∂y

∂g/∂x ∂g/∂y

)

Fourier series

f(x) =
a0
2

+

∞∑
k=1

ak cos

(
kπx

L

)
+ bk sin

(
kπx

L

)

a0 =
1

L

∫ L

−L
f(x)dx; ak =

1

L

∫ L

−L
f(x) cos

(
kπx

L

)
dx; bk =

1

L

∫ L

−L
f(x) sin

(
kπx

L

)
dx
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